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A new approximate method for predicting the resonant frequen-
cies and for solving the field distribution problem of a cylindrical
dielectric resonator (DR) is developed. The model proposed in
this paper bridges the gap between rigorous and accurate finite-
element or Green function-based numerical methods on the one
hand and on the other hand, simple approximate solutions in
which the field distribution can be described analytically, but the
resulting frequency is accurate within a few percent only. In the
method described here, the approximate solution for the micro-
wave field distribution is modified by substituting different values
of the radial separation constants inside and outside of the disk-
shaped DR. The model is generalized for the double-stacked DR
structure and enables one to introduce corrections that take into
account the presence of the shielding walls and of the cylindrical
sample hole. Good agreement is found between experimental and
calculated results for both the single and double-stacked structures
that are designed around commercially available X-band DRs (9-
10 GHz). For the resonant frequency of the lowest transverse-
electric TEq s mode that is commonly used for EPR measurements,
the accuracy of the method is better than 1%. Experimentally
measured resonator filling factors are also in good agreement with
those theoretically estimated. Both the theory and the experimen-
tal results suggest that the double-stacked DR structure with finite
spacing between the ceramic cylinders is the most suitable for EPR
measurements of long lossy samples. © 1997 Academic Press

INTRODUCTION

It has been stated long ago by Richtmyer (1) that nonmet-
alized dielectric objects can function as resonators. The ac-
tual technical applications of dielectric resonators (DRs)
started in the late 1970s when temperature-stable, low-loss,
high ¢, dielectric ceramic materials, such as barium tetrati-
tanate, were becoming available (2, 3). Since that time,
other composites with improved properties have been devel-
oped and the DR-related design is currently the basis of the
whole segment of microwave industry where typical applica-
tions include microwave oscillators, narrowband microwave
filters, radar detectors, speed guns, cellular telephones, and
space telecommunication systems (4, 5).
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Generally, implementation of ceramic DRs results in a
substantial size reduction of microwave resonant structures.
Since the high dielectric confines the electromagnetic fields
to its own geometry rather than to the external metallic case,
the size reduction is roughly proportional to the inverse
square root of the dielectric constant (i.e., 1/@). Miniature
resonant structures that contain DRs can aso be an invalu-
able tool for probing signals in electron paramagnetic reso-
nance spectroscopy, where hollow metallic cavities are com-
monly used to enhance the sensitivity of measurements. Due
to their compactness, the DR systems exhibit much higher
density of the electromagnetic energy stored inside the reso-
nator. Thus, for the appropriately chosen field pattern (the
resonant mode), one can concentrate the magnetic-field
component (H,) at the sample position. This leads to a con-
siderable improvement of the resonator filling factor n,
which is an important design-related feature of the EPR
probe head. Additionally, because of the low-dielectric loss
of ceramics (tan 6 ~ 10°° at 10 GHz), the quality factor
Q of the free-running DR is high and comparable to that of
a conventional cavity resonator. This is in contrast to other
microwave honcavity resonators, such as miniature coils (6)
or loop—gap resonators (LGRs) that are known for concen-
trating the magnetic field at the sample space and for having
high filling factors n (7). Since the overall signal-to-noise
ratio (S/N) of an EPR system is proportional to the product
of n and Q (8), sensitivity improvement of more than two
orders of magnitude compared to the standard TE,q, cavity
has aready been reported while using the DR-based EPR
probe for small, low-loss “‘point’”” samples (9).

The presence of high-loss (agqueous) samples distorts the
microwave field inside the EPR resonators (10) . The results
already published suggest that the impact of lossy samples
on the microwave characteristics of DR-type resonators is
smaller than in the case of cavity resonators and LGRs.
When loaded with high-loss samples contained in thin capil-
laries, the DR-based structures exhibit a relatively small de-
crease of the resonator Q factor and only a negligible shift
of the resonant frequency (9, 11). This is because the high-
dielectric ceramic leads to an essential redistribution of the
magnetic and electric components of the microwave field.
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For the most commonly used disk-shaped DR with avertical
hole up the middle and operating in the lowest transverse-
electric TEys mode, the magnetic component H, will be
concentrated along the vertical axis where the sample is
located, whereas the electric component E; will be mostly
confined within the dielectric disk. Therefore, these systems
effectively isolate the electric component from the sample
space and can be used as dternatives to metallic hollow
resonators and LGRs for EPR studies of high-loss biological
materials, particularly when the samples are limited in sup-
ply and sensitivity problems require obtaining the best S/N
possible.

Severa different versions of DR-type EPR resonators
have been reported so far. Dykstra and Markham presented
aDR for sensitive measurements of small point samples and
liquid samples where a single DR surrounded by a micro-
wave shield was movable in order to obtain precise matching
to the externa microwave circuit (9). Sienkiewicz et al.
described a double-stacked DR structure that in combination
with the stopped-flow technique has proven its adequacy for
measurements of high-loss liquid samples where both a high
S/N ratio and independence of flow-induced transients were
the most critical points (11). A sensitive DR-type resonator
containing a single disk made of high-dielectric ceramics
and operating at cryogenic temperatures was designed by
Walsh and Rupp (12). Bromberg and Chan took advantage
of the open structure of a double-stacked DR and combined
the resonator with a diamond anvil cell (DAC) that was
located in the space between the ceramic disks for generating
high hydrostatic pressures inside the resonant structure (13).
An easy way of coupling the DR to the standard TE,, cavity
has recently been proposed by Del Monaco et al. (14). The
estimated nQ product for this structure was found to be
essentially higher than that for standard metallic cavities.

These examples indicate that the resonant structures de-
signed around the DRs can find applications in different
types of EPR experiments. Moreover, by using either single
or double-stacked DR configurations it is possible to design
resonant structures that exhibit dightly different microwave
and geometric characteristics. This permits one to obtain an
easier and more versatile fit of the DR-type resonator to the
particular EPR application.

The major objective of the present work was to character-
ize the microwave parameters of the double-stacked DR
structure from the point of view of its applications for EPR.
In this paper, in order to develop our theoretical approach,
we treat the single DR-based structure first. Then, we gener-
alize the method to the double-stacked structure. In both
cases we take into account the experimental results of micro-
wave and EPR measurements performed using the DR-type
resonators. Asaresult, we present a simple theoretical model
enabling one to estimate the resonant frequency f, of the
fundamental TEg,; mode of the single and double DR-based
structures that are designed around commercialy available

high-dielectric ceramic disks or cylinders. In the microwave
X band, which istypical for the great majority of EPR exper-
iments, this model yields an accuracy for f, that is better
than 1%. The resonant-frequency problem is further devel-
oped for the case of two stacked DRs with afinite separation
s between the ceramic disks, and the variation in f, as a
function of s is discussed. A perturbation method enabling
one to determine the resonant-frequency shift due to the
presence of a cylindrical hole (sample space) in such a
ceramic disk is also presented for both the single and double-
stacked configurations. We also discuss the relative changes
inthe resonator quality factor Q for DRsloaded with samples
having a high dielectric loss (aqueous samples). Consider-
ing the theoretical and experimentaly observed filling fac-
tors, the advantageous properties of the double-stacked DR
configuration for measuring lossy liquid samples contained
in long capillaries are shown. The highest filling factor for
such samples can be obtained in the double-stacked DR with
a finite spacing between the dielectric cylinders.

EXPERIMENTAL

In thiswork we studied the single and double-stacked DR
configurations that were designed around the commercially
available X-band high-dielectric ceramics from two suppli-
ers. Trans-Tech, Inc., Adamstown, Maryland, and MuRata
Erie North America, Inc., R/F Microwave Products, State
College, Pennsylvania. Throughout this paper these ceramics
will be referred to as Type | and Type |1, respectively. The
Type | ceramic (Trans-Tech Part No. C8733-0245-X-110-
B-040) had dimensions of 6.22 mm o.d., 1 mmi.d., and 2.8
mm thickness. The dielectric constant ¢, of this material
was 29.4. The Type Il ceramic (MuRata-Erie Part No.
DRTO065R020C029) had dimensions of 6.55 mm o.d., 2 mm
i.d., and 2.95 mm thickness. The corresponding dielectric
constant ¢, was 29.2.

We configured our DR structures using the microwave
heart of the system described in detail in Ref. (11). We
used a microwave shield that was cylinder-shaped and made
of a low-dielectric loss plastic, Rexolite (C-LEC Plastic,
Inc., Beverley, New Jersey, Rexolite 1422, tan § = 6.6 X
107%, ¢, = 2.53). The outer wall of the microwave shield
was metallized with afew micrometers of silver plating. The
microwave shield easily accommodated either one or two
stacked DRs. In both cases, the DRs were centrally posi-
tioned with their axis aligned with the cylindrical axis of the
microwave shield. The coupling to the external microwave
circuit was achieved using a laterally protruded loop-shaped
antenna. Since the antenna was adjacent to the side wall of
the DR and its plane was perpendicular to the DR’ s cylindri-
cal axis, a symmetrical TEys; mode could be excited for
both the single and double-stacked structures. This type of
coupling arrangement also made it possible to orient the
plane of the antenna parallel to the cylindrical axis of the
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microwave shield. In such orientation, the coupling loop
preferentially excited the TM modes. This configuration was
used while we checked our double structures for the presence
of the nearest spurious TM modes.

While using the same microwave shield, it was possible
to change the resonant frequency of the double-stacked struc-
ture by inserting spacers between the DRs. The spacers were
also made of low-loss Rexolite plastic. Their thickness was
carefully controlled in order to obtain the desired shift of
the resonant frequency. This simple arrangement revealed a
satisfactory reproducibility of setting the resonant frequency
and was used for tuning the DR-based structures resonating
in both the TE and TM modes.

The measurements of the resonance frequency and of the
loaded and unloaded quality factor Q of the resonant struc-
tures were performed using a HP 8690B sweep oscillator.
Q factors were determined from f,/ A f, where A f isthe 3
dB bandwidth.

We compared the sensitivity of both the DR and the com-
ercially available TE;y, ST4102 resonator from Bruker. Both
resonators contained the same testing samples. The measure-
ments were performed on a Bruker ER 200D EPR spectrom-
eter with a GaAsFET X-band amplifier before the crysta
detector.

We used two types of samples. The first was a point
2,2-diphenyl-1-picrylhydrazyl (DPPH) sample whose linear
dimension was less than 0.2 mm, and the second was a long
liguid sample that was contained in a quartz capillary of
0.84 mm o.d. and 0.6 mm i.d. The latter sample was an
aqueous solution of 4-hydroxy-2,2,6,6-tetramethylpiperi-
dine-1-oxyl (TEMPO-OH). The total length of the aqueous
sample was 3 ¢cm, so it could fill the total active volume
available for both resonators. The length of that active vol-
ume was 14 mm for the DR-based structures and 23 mm
for the TE,q, cavity, respectively. The point-DPPH sample
was also used to study the axial distribution of the magnetic
component H, in the DR-based structures.

CALCULATION OF THE RESONANT FREQUENCY
FOR SINGLE AND DOUBLE-STACKED DRs

For a disk-shaped dielectric resonator, commonly used in
microwave applications, a closed-form analytical solution
for the field distribution and the resonant frequency does not
exist. Instead, one must use approximate methods, which
can be roughly divided into two distinct groups: (i) rigorous
and very accurate numerical procedures based on finite-ele-
ment (15) or Green function formalism (16); and (ii) smple
approximate models (2, 17-19), in which the field distribu-
tion can be described analytically, but the resulting resonant
frequency is accurate within only afew percent (correspond-
ing to hundreds of megahertz in the X band).

The model presented here has been developed to bridge
the gap between these two approaches. From one side, the
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FIG. 1. Outline of the DR-based resonant structures studied. (a) Single

DR-type resonator. (b) Double-stacked DR structure.

field distribution is still described by approximate analytical
formulae. From the other side, owing to important modifica-
tions based on rigorous experimenta results (11, 20), it is
possibleto calculate resonant frequencies within an accuracy
of better than 1%. The resonant structure that contains a
single dielectric resonator is discussed below in detail. Next,
the results are generalized for the double structure, which is
the central topic of this paper.

Let usfirst consider adielectric disk of radius R and height
h placed at the origin of the cylindrical coordinate system
(r, ¢, z). A schematic view of the corresponding resonant
structure that is based on a single DR is shown in Fig. la
The expressions describing the fields E; and H; inside the
dielectric disk follow directly from solution of the Maxwell
eguations in cylindrical coordinates. Outside of the dielec-
tric, we assume the fields to vanish rapidly, so that, to afirst
approximation, the influence of the shielding walls can be
neglected. Therelevant parameters of the solution, i.e., prop-
agation constants, dispersion parameters, follow from the
boundary conditions on the interface dielectric-surrounding
medium. In the next step, we will also take into account
the presence of the metalic shield by imposing additional
boundary conditions on the fields outside the dielectric disk.

In particular, for the fundamental TEys; mode of axia
symmetry, within the dielectric medium (|z| < h/2, r <
R), we have

E; = igEy = i,3:(6r)cos vz, [1a]

Hy = icH, + i,H,
= liyau(Br)sin yz + i,83(Br)cos y2], [1b]
Wi

and outside of the didlectric (|z|] > h/2,r < R)

E,= ith«J: = Aid)Jl(ﬂr)eiaz’ [1c]

Hy =i H, + i,H,

= I— [Aladi(Br)e ** + Ai,B(Br)e **], [1d]
Wi
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wherea = V82 — k?; y =Vek? — B2, k= wlc; w = 2rfy;
fo denotes the resonant frequency; e, is the dielectric per-
mittivity; g is the radial separation constant; J, and J, are
the zeroth- and first-order Bessel functions, respectively; and
A is an unknown amplitude of the electromagnetic field.

Continuity conditions for the tangential components of
the E; and H, fields at |z| = h/2 yield

cos yh/2 = Ae *"2, y sin yh/2 = Awe “"2. [2]

Hence, on eliminating the amplitude A we obtain the tran-
scendental equation determining the propagation constant k,
and consequently the resonant frequency fo:

vy tan yh/2 = a. [3]

Comparing various models discussed so far in the litera-
ture (2, 17-19) one can find equations that are formally
equivalent to Eq. [ 3], but with different boundary conditions
for the latera interfacer = R. In particular, it turns out that
the radial separation constant 5 is dependent on the adopted
model and its value strongly affects the calculated resonant
frequency. Thus, the proper choice of 5 is crucia for ob-
taining a satisfactory accuracy of the method.

Analysis of the rigorous solution (16) shows that the field
distribution for |z| > h/2 is similar to that in the magnetic-
wall model (17), while the field distribution within the di-
electric is closer to the dielectric-waveguide model (18).
Taking into account the above-mentioned arguments, one
can modify Eq. [3] by substituting different values of the
radial separation constants within the dielectric and outside
of it,

y =vVek® = 8%, a=VB§ - K,

where 8y = ko1/R and ko, = 2.4048 denotes the first root
of the Bessel function Jo(4r).

The radia separation constant within the dielectric 5, can
be determined from the dielectric-waveguide model (18) by
matching the fields E, and H, on the interface a r = R.
From the continuity condition we find

[4]

B(BR) _
‘ ‘Jl(ﬂfR)

Ko(1R)

g " Ka(uR)

[3]

where i = V(e, — 1)k? — B2, J, and J, denote Bessal func-
tions, and K, and K, are modified Bessel functions of the
second kind. For small variations of 3, the matching formula
Eq. [5] can be linearized in the vicinity of 3,, yielding

(BR)? = Ci(er — 1)(kR)® + C;, [6]

where C, and C, are constants.

In the dielectric-waveguide model, the values of 5. re-
sulting from Eq. [5] are slightly higher than 8, and the
realistic range of 8.R can be estimated to be 5.R € (2.5,
2.8). For this range of S.R the linearization of Eq. [5]
yields numerical values C; = 0.35, C, = 4.21. In the
dielectric resonator, however, due to the finite height h,
the field concentration within the dielectric will be depen-
dent on the resonator dimensions, giving rise to the depen-
dence of g, on the ratio h/2R. Generally, this leads to
smaller values of g..

Taking into account a set of accurate experimental results
(20, 21) obtained for the DRs having ¢, = 30 and for various
ratios h/2R, one can introduce a ‘‘semiempirical’’ formula
in the form of Eq. [6], but with C; = 0.145, C, = 5.93.
The smaller dope C, of the semiempirical formula (as com-
pared to that resulting from the diel ectric-waveguide model )
reflects to some extent the dependence of (5. on the resonator
dimensions h/2R.

So far we have considered the fields outside of the DR
disk to vanish exponentialy for |z| > h/2. If we take into
account the presence of the shielding walls, we should im-
pose the boundary conditions at |z|] = h/2 + L, where L
denotes the distance between the DR disk and the upper or
lower lid of the cylindrical shield (see Fig. 1a). Conse-
guently, the exponential dependence on the distance along
the axial direction zin Egs. [1c] and [1d] should be replaced
by hyperbolic functions: sinh[a(z — L)] for E,;, H,, and
cosh[a(z — L)] for H,, respectively. Thus, for asingle DR
structure, the equation determining the resonant frequency
fo takes finally the form

vy tan yh/2 = « coth alL, [7]

where « and y are given by Eq. [4].

The presence of alateral shield can be implicitly included
in the semiempirical expression (Eqg. [6]). It turns out, how-
ever, that for the typical range of parameters the fields vanish
rapidly in the radial direction and the influence of the lateral
shield can be neglected. Equations[ 6] and [ 7] form asystem
of nonlinear equations, which for given dimensions of the
dielectric resonator and the permittivity of the dielectric me-
dium can be solved for k and consequently for the resonant
frequency f,. One should stress, however, that the linearized
formulaEq. [6] isvalid only in therestricted range of param-
eters, i.e, for ¢, = 30, and 0.4 < h/2R < 1, and that this
is the price we pay for accurate results while keeping the
calculations relatively simple. It should be noted here that
for By + B. the Maxwell equations are satisfied rigorously
both in the dielectric region and in the surrounding medium.
However, the boundary conditions for z = h/2 are satisfied
only approximately.

The generalization of the calculation procedure for the
double-stacked DR structure is straightforward and follows
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closely the approach outlined above. The double structure
of the dielectric resonator is shown schematically in Fig. 1b.
In particular, the fields within the diel ectric can be expressed
as

E; = izJi(Br)(A sin yz + B cos yz), [8a]
H, = s [i,7Jd:(Br)(A cos yz — B sin yz)
W
+ i,83(6r)(Asin yz + B cosyz)], [8b]

while outside of the dielectric we have for |z| > h + s/2,
r <R,
El = Cid,\]l(ﬂl‘)efaz, [8C]

Hy = w'—u [Ciradi(Br)e" + Ci,fk(Br)e-=], [&d]

and for |z] <s/2,r <R,

E; = DigJi(Br)cosh az, [8e]
H, = s [—Di,ad;(Br)sinh az
W
+ Di,8J(Br)cosh az], [8f]

where a and y are given by Eq. [4]. As before, the presence
of the shield can easily be included by replacing exponentials
in Egs. [8c] and [8d] by appropriate hyperbolic functions.

On matching the fields E, and H, across the interfaces
|z| =s/2and |z| = h+ s/2and eliminating the amplitudes
A, B, C, D, we obtain the transcendental equation

(y + «a coth aL tan yh/2)(«a tanh as/2 — y tan yh/2)
= (y + a tanh as/2 tan yh/2)
X (y tan yh/2 — « coth al ), [9]

TABLE 1
The Comparison of the Measured f,,, and Calculated fo.
Resonant Frequencies at Various Separations s of the DR
Cylinders®

Separation s (mm) fom (GHZ) foc (GHZ)
0.00 8.256 8.265
0.65 8.647 8.660
135 8.920 8.945
1.60 8.994 9.020
2.00 9.080 9.118
2.50 9.200 9.211
3.00 9.260 9.282

2Type | ceramic.

TABLE 2
The Comparison of the Measured f,, and Calculated fo.
Resonant Frequencies at Various Separations s of the DR
Cylinders?®

Separation s (mm) fom (GHZ) foc (GHZ)
0.00 8.050 7.970
1.50 8.700 8.640
2.00 8.810 8.760
3.50 9.060 8.990
4.00 9.120 9.050
4.50 9.190 9.100

2Type |l ceramic.

which, with the help of Eq. [6], can be solved for k, i.e.,
for the resonant frequency f,.

So far we have considered uniform dielectric disks of
radius R and height h. The rea resonator used for EPR
measurements has a sample hole placed axially within the
dielectric. Since the E; field on the interface between the
ceramic and the surrounding medium has only the tangential
component, we can neglect the field distortion within the
hole and evaluate its influence using the perturbation
method. Assuming the E; field distribution asin the uniform
dielectric disk, we find

A_fo_<1_1> Ly, [Ealdv
fo €r ZfVc |E1|2dv,

where V,, and V. denote the hole and resonator volume,
respectively, and the field E; is given by Eq. [8]. Thus, the
procedure for finding the resonant frequency f, consists of
two steps. First, the resonant frequency of the double dielec-
tric structureis computed using Eq. [ 9] . Next, the correction
following from the perturbation formula Eqg. [10] is taken
into account.

The comparison of the measured and calculated resonant
frequencies for various separations s is shown in Tables 1
and 2 for the two selected double-stacked DR structures.
The presence of the low-loss Rexolite plastic around the DR
disks has been included by taking e, = 2.53 instead of ¢, =
1 for the surrounding medium, in order appropriately to
rescale Egs. [4], [ 7], and [9]. The accuracy is better than
1% (corresponding to 100 MHz in the X band) and is inde-
pendent of s, which indicates indirectly that Egs. [8a] —
[8f] approximate well the real field distribution. Figure 2
demonstrates the application of our method for predicting
the resonant frequency of the TEys mode for the double-
stacked DR structure. Within the entire range of separations
s from O to 3 mm, the theoretical curve for the resonant
frequency (solid line) nearly overlaps the results measured
experimentally (dashed line). The experimental data were

[10]
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FIG. 2. The measured and calculated dependencies of the resonant fre-
guency on the separation s for the double-stacked DR (Type | ceramic).

obtained for the resonant structures designed around the
commercially available high-dielectric (Type |) ceramics.

The method of analysis outlined above is applicable to the
fundamental TEy; mode. Generdlization to the higher TE
modes of axia symmetry is straightforward, although the accu-
racy of solution deteriorates as weincrease theradia and longi-
tudina indices. Unfortunately, the analysis of the TM modes
is much more difficult, mainly because of the discontinuity of
the E, component at the front wall of the didectric resonator.
For the same reason we cannot apply the perturbation formula
(Eqg. [10]), since the dectric fidd E, in the sample hole differs
considerably from that in the uniform didlectric cylinder.

For asingle dielectric resonator, the nearest spurious mode
is of the TM type and its resonant frequency is above that
of the TEy; mode as long as h/2R < 1 (19). However, for
the double-stacked configuration with no separation between
the DR cylinders we have h/2R ~ 0.9 and the system ap-
proaches the situation where the EPR-active TEy s mode may
become degenerate with the TM mode.

In order to check the location of the spurious TM mode
for the double structure, we measured the resonant frequen-
cies of both the TE and TM modes at various separations s
of the DR cylinders. The experimental data shown in Fig.
3indicate that the TE/TM offset is ~400 MHz and is nearly
constant over the entire range of s (0 to 4.5 mm). In this
experiment, the resonant structures were designed around
the Type |l ceramic. For the EPR-active TEys mode, chang-
ing the spacing from 0 to 4.5 mm gave about 1 GHz variation
of fo. It isimportant to note that, contrary to the other meth-
ods of tuning, such asinserting movable metallic or dielectric
plungers, tuning by separation does not affect microwave
characteristics of the DR-type resonator (22). In particular,
the resonator quality factor Q remains practically constant.

EVALUATION OF THE FILLING FACTOR 7
AND THE QUALITY FACTOR Q

As mentioned above, the solution of Eq. [ 9] enables one
not only to evaluate the resonant frequency but also to de-

scribe approximately the E; and H; distribution for the fun-
damental TEy;; mode, both within the dielectric and in adja
cent regions. Once the field distribution is known, one can
evaluate severa parameters that are important for the EPR
measurements, such as the resonator filling factor n, total
energy accumulated in the resonant structure, dielectric
losses within a sample, and the resonator quality factor Q.
In this paper we concentrate our attention mainly on the
filling factor n and the quality factor Q.

According to Ref. (23), thefilling factor for the magnetic
field H, is given by

fvs |Hyp| *dv [11]
I, 1Hal?dv

where V; and V. denote the sample and resonator volume,
respectively, and the field H, is given by Eq. [8].

It should be stressed that only the field component that is
normal to the static magnetic field H, will contribute to the
integral in the numerator of Eq. [11]. However, for typical
sample dimensions (small point samples or thin capillaries)
one can heglect the contribution from the radial component
and integrate only HZ over the sample volume.

The highest filling factor for point samples can be obtained
in a single structure, for which the energy is concentrated
in a small volume, and consequently, the field amplitude
within a sample is higher. For atypical commercialy avail-
able (Type |) ceramic with aloaded Q of ~2000, the mag-
netic-field amplitude is estimated to be as high as 20 G for
1 W of incident input power and the calculated filling factor
is

n = 0.036V,, [12]

where the sample volume V; is given in cubic millimeters.
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FIG. 3. Measured dependence of the resonant frequency on the separa-

tion s for the double-stacked DR. The EPR-active TEy;; mode and the first
spurious TM mode are shown (Type Il ceramic).
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FIG. 4. The comparison of the relative estimated and measured EPR
line intensities as a function of the point-DPPH sample position. (a) The
relative EPR signal intensity for the point sample probing H2 along the z
axis of the single DR. (b) The relative EPR signal intensity for the point
sample probing HZ along the z axis of the double-stacked DR. The solid
squares represent the experimental results, and the solid line depicts the
estimated EPR signa intensity. Type | ceramic; for the double DR the
separation s is 2.5 mm.

For comparison, the corresponding filling factor n esti-
mated for the standard rectangular TE;q, cavity is 0.0002V;
(23). Conseguently, since the filling factor of the single DR
(expressed by Eq. [12]) is roughly two orders of magnitude
greater than that for the standard cavities, the DR should
yield a much higher EPR signal intensity for small nonsatu-
rable samples (9, 11).

For the double-stacked DR structure resonating at the
same frequency, and for the same incident microwave power,
the energy is distributed over the larger volume, and the
filling factor for the point sample decreases. For the double-
stacked DR without separation of the ceramic cylinders (s
= 0), the resonator filling factor for point samples is
0.025V4, i.e., roughly 30% lower than that for the single DR.
The comparison of the predicted and measured EPR signd
intensities for both the single and double DR-based struc-
tures is given in Fig. 4. The solid line depicts the estimated
relative signal intensity that is plotted as a function of axia
coordinate z (sample position). The solid sguares represent
the relative experimental EPR signal intensities measured
for a point-DPPH sample that was moved along the length
of the resonant structure. Figure 4a shows the comparison
of the measured and estimated EPR signals for the single
DR structure, whereas Fig. 4b compares these two sets of
data for the double-stacked DR structure. For both types
of DR structures the estimated signal intensity is in good
agreement with the experimental results. The theoretical fit
(solid line in Figs. 4a and 4b) was obtained by taking the
appropriate values of |H,|? calculated from Egs. [8b], [8d],
and [8f].

Table 3 summarizes the dependence of the filling factor
n as afunction of separation s between the dieectric cylin-

TABLE 3
The Calculated Relative Filling Factor n/V, (mm~) as a
Function of Separation s for the Double-Stacked DR Structure®

Separation s Point sample in the Point sample
(mm) resonator center located at H,ms  Long samplée®
0.00 0.0248 0.0248 0.0074
0.50 0.0187 0.0208 0.0077
1.00 0.0136 0.0191 0.0078
1.50 0.0099 0.0185 0.0078
2.00 0.0071 0.0181 0.0077
2.50 0.0050 0.0179 0.0076
3.00 0.0036 0.0179 0.0075

2 Type | ceramic.
® Sample in a long capillary (0.64 mm i.d.).

ders for the double-stacked DR structure and for a point
sample positioned in two different locations: (i) in the reso-
nator center and (i) at the location where the H, attains its
local maximum (H,max) -

The comparison of the EPR line intensities for the double-
stacked DR and for the rectangular TE, cavity is shown in
Fig. 5. The EPR line intensities were measured for a small
point-DPPH sampl e positioned exactly in the middle of both
resonators. The line intensity observed for the double DR is
roughly 30 timeslarger than that obtained in the TE,, cavity.
This result is somewhat lower than predicted theoreticaly.
However, the EPR spectrum presented in Fig. 5 was obtained
for the point-DPPH sample located exactly in the middle of
the double-stacked DR structure (z = 0, separation s of 1.3
mm). It can be seen from Fig. 4 that such a structure yields
a lower intensity of EPR signals for small samples than a
single DR. The energy of the microwave field is spread over
alarger volume in the double-stacked DR structure and this

TE 192 (X 10)

dx7/dB [a.u.]

N

|
3375

DR

R
B[G]

|
3360 3365 3380

FIG.5. EPR spectra of the point-DPPH sample measured in a double-
stacked DR structure and in a standard TE,q, cavity. The spectra were
recorded with the same incident microwave power (0.2 mW) and with the
same effective magnetic-field modulation (0.5 G).
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results in lower intensity of the magnetic component that is
sensed by a small DPPH sample. Actualy, such a small
sample probes |H,|? at its location inside the resonator (13).
Assuming the same incident power for both single and dou-
ble DR structures one should expect alower signal intensity
for the double-stacked DR. Thus, for small samples mea
sured under nonsaturating conditions, a single dielectric res-
onator exhibits the largest filling factor and consequently the
highest sensitivity among various structures studied in this
work.

Contrary to the point samples, long capillaries are small
in the radial direction but fill the entire distance between the
upper and lower lids of the microwave shield. As a result,
the field distribution along the symmetry axis strongly influ-
ences the filling factor n. Taking as an example the same
(Type 1) single dielectric resonator as before, we find

n = 0.0065V; [13]
for the cylindrical microwave shield with a distance between
the upper and lower lids of 14 mm and the sample volume
V; given in cubic millimeters. In the double structure, owing
to the fact that the magnetic component H, along the z axis
is more evenly distributed, the resonator filling factors for
long capillaries are slightly higher (roughly by 10%). Actu-
ally, for the double DR structure, we observe a further in-
crease of n with increasing separation s. The calculated de-
pendence of the relative filling factor on separation s for
the double-stacked (Type |) DR and for a long capillary is
summarized in Table 3. As a function of spacing s, the
relative filling factor n increases slowly and attains a rela-
tively broad plateau around sy, of 1.1-1.5 mm. In particular,
a s = 1.3 mm we have

n = 0.0078V; [14]
with V; given in cubic millimeters, as before.

For the double-stacked DR structure with separation s of
1.3 mm and for atypical sample capillary (i.d. of 0.64 mm)
the sample volume is of 4.5 mm?®. Hence, Eq. [14] yields n
= 0.035, while for the same kind of sample placed in the
standard TE,, cavity the estimated n, is of 0.0007. Thus, for
along capillary, thefilling factor n is roughly 50 times larger
for the double-stacked DR-type resonator than for the TE,g,
cavity. While estimating n for the rectangular cavity, we
assumed that the total sample volume in the TE;q, resonator
was 7 mm?, i.e., that the same long capillary (0.64 mmi.d.)
was entirely filled with liquid sample and positioned aong
the active region of the cavity.

Figure 6 compares the EPR spectra obtained for 300 uM
water solution of the nitroxide TEMPO-OH in the double-
stacked DR and the TE,q, cavity. The signa intensity was
measured for a 3 cm long sample contained in a 0.6 mm

DR
TE 102 (X 5)

.

dx/dB [a.u.]

] |
3360 3385

B[Q]

|
3310 3335 3410

FIG. 6. EPR spectra for a long agueous sample contained in a quartz
capillary of 0.6 mm i.d., measured in a double-stacked DR structure and
in a TE,q, cavity. The spectra were recorded for the water solution of the
nitroxide TEMPO-OH (300 pM) using the same experimental conditions:
microwave power of 2 mW and the 100 kHz magnetic-field modulation of
01G.

i.d. quartz capillary inserted along the active volume of both
resonators. For the same experimental conditions, the dou-
ble-stacked DR yields an EPR signal intensity that isroughly
30 timeslarger than that in the TE,, cavity. This experimen-
tal result isin good agreement with the theoretical estimation
of thefilling factors n for both resonators. Since the Q factor
of the DR-based resonator loaded with an agueous sample
is lower than that of the TE,q, resonator, the actual gain in
the EPR signal intensity is slightly lower than the ratio of
the corresponding filling factors.

The results indicate that for liquid samples measured in
long capillaries, one should expect the best S/N for the
double-stacked structure with a finite separation s between
the DRs. The optimum separation S, will depend on the
dielectric constant ¢,, the dimensions of the DRs, and, to
some extent, on the capillary inner diameter ds. In particular,
the double DR with a finite separation s of 1.1-1.5 mm
between the ceramic cylinders seems to be the most suitable
for EPR measurements of liquid samples since it has better
overal field uniformity. Thismay also be an important factor
while performing EPR measurements under saturating con-
ditions.

For a lossy sample described by macroscopic parameters
e and o (where o denotes the conductivity of the material)
one can calculate the average dielectric losses Py,

Py =J§' . o |E1]?dy, [15]
and the quality factor Q.,
wf €|E;|?dv
_ wW _ Ve [16]

" P [ o|Ei|?dy
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TABLE 4
The Comparison of the Measured Q,, and Calculated Q. Loaded
Q Factors as a Function of the Capillary i.d. for the Double-
Stacked DR? (Critically Coupled, the Capillary Filled with Water)

ds (mm) Qnm Qe
0.0 2400 2400
0.6 1460 1060
0.7 1171 718
0.8 742 480
10 291 223

2 Type Il ceramic.

where W denotes the total energy in the resonant structure,
w = 2xf is the angular frequency, and Q. is a hypothetical
quality factor related only to dielectric losses within the
sample. The total unloaded quality factor Q follows from
the standard expression

11,1 (17
Q Q Q

where Q, denotes the Q factor of the resonant structure
without a sample.

Table 4 shows the comparison of the calculated (Q.) and
measured (Q,,) quality factors as a function of the sample
diameter ds. The corresponding double DR structure was
designed around two ceramic (Type I1) DRs with s = 3.5
mm and Q, = 2400. For the calculations we took the dielec-
tric parameters of water from Ref. (24). Contrary to the
results presented above for the resonant frequency and field
distribution, the agreement between cal culated and measured
Q factors is now much worse. On one hand, the measure-
ments of Q are less precise than those of the resonant fre-
guency. On the other, there are systematic errors following
from the simplifications made while deriving Egs. [15] and
[16]. Therefore, the results concerning dielectric losses, Q
factors, etc., should be considered only as a rough estimate,
and the agreement between theory and measurementsis qual-
itative rather than quantitative.

It seems that the main source of the systematic error in
Q-factor calculationsis related to the assumption that the E;
field distribution within the sasmple volume is the same as
in the uniform structure. Such a simplification was justifiable
in the perturbation approach (Eq. [10]) , where we cal cul ated
approximately a small correction to the resonant frequency.
Now, however, we use the same field distribution to calculate
an absolute value of Q (Eg. [15]), and the relative error is
much greater than that in the case of the resonant frequency.

In particular, it seems that the presence of a quartz capil-
lary affects the field distribution within an aqueous sample.
Preliminary calculations indicate that the presence of a thin

quartz wall diminishes the E; field amplitude within the
sample while keeping the H; field unchanged. Asaresult, the
dielectric losses are lower, and the quality factor is higher, in
agreement with experimental data (Table 4).

CONCLUSIONS

In conclusion, we report that the semiempirical method
presented in this paper provides arelatively simple and pre-
cise way for estimating the essential microwave characteris-
tics of the DR type of resonator. Our theoretical model em-
ploys a combination of approximate analytical formulae with
the rigorous experimental results obtained for a series of
different resonant structures that were designed around either
single or double DRs. This approach permits one to predict
the technical parameters of the real resonant structures, since
it takes into account the presence of a sample hole that often
must be drilled in the dielectric disk, as well as introduces
corrections for the presence of the metallic walls (the micro-
wave shield). While estimating the resonance frequency of
the lowest, EPR-active TEy; mode, this approach yields an
accuracy that is better than 1% for the typical commercialy
available X-band DRs and for which €, =~ 30. It seems that
this method gives a correct estimate for the distribution of
el ectric and magnetic componentsinside the DR-based struc-
ture, since afairly good agreement for the resonant frequency
is found for the double-stacked DR structures that had vari-
ous spacings between the DR cylinders.

From the point of view of EPR applications, the double-
stacked DR system that is discussed in this paper offers
several interesting features. While for point samples a higher
filling factor  can be obtained in asingle DR structure, the
double-stacked DR with a finite separation between dielec-
tric disks yields the best S/N ratio for long aqueous samples.
In the double DR, the magnetic field H; is more evenly
distributed than in the single DR structure, which may be
of importance while measuring saturable samples. It iseasily
tunable, and an almost linear tuning range of 15—-20% is
attainable without visible degradation of resonator character-
istics. In anatural way, the double DR structure is also more
transparent for photo-EPR experiments, making easier the
introduction of light to the sample space.
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